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We investigate static, spherically symmetric solutions in gravitational theories which have limited
curvature invariants, aiming to remove the singularity in the Schwarzschild space-time. We find
that if we only limit the Gauss-Bonnet term and the Ricci scalar, then the singularity at the origin
persists. Moreover we find that the event horizon can develop a curvature singularity. We also
investigate a new class of theories in which all components of the Riemann tensor are bounded.
We find that the divergence of the quadratic curvature invariants at the event horizon is avoidable
in this theory. However, other kinds of singularities due to the dynamics of additional degrees of
freedom cannot be removed, and the space-time remains singular.
I. INTRODUCTION
The space-time singularity is one of the most impor-
tant signs that Einstein gravity has to be modified at
high energies. The singularity theorems [1–3] state that
space-time singularities are inevitable in Einstein gravity
provided that gravity is coupled to matter which obeys
energy conditions which are natural from the point of
view of classical physics (there are some additional tech-
nical assumptions which are automatically satisfied in the
symmetric space-times we are considering). There are
many arguments supporting the view that the Einstein
action can only be a low energy effective theory for grav-
ity. First, it is not a renormalizable theory, and hence
cannot yield a consistent quantum theory in the ultra-
violet. Gravitational interactions will inevitably lead to
higher curvature correction terms to the action. Simi-
larly, gravitational interactions of matter field will lead to
correction terms in the effective action for gravity. It is a
long-standing hope that curvature singularities will be re-
moved in a consistent quantum theory of gravity. Specif-
ically, one could hope that the two most famous gravi-
tational singularities, the Big Bang singularity of homo-
geneous and isotropic cosmology, and the Schwarzschild
singularity at the center of a spherically symmetric black
hole metric, will be removed in a complete theory of
quantum gravity.
In this paper, we will explore the question of singular-
ity removal at the level of modified effective gravitational
actions. If we were able to construct a gravitational the-
ory without singularities, it would provide a candidate
for an effective theory of a consistent theory of quantum
gravity.
In the context of cosmology, various scenarios to ob-
tain a nonsingular Universe have been investigated. In-
flation was initially proposed as a candidate for a non-
singular cosmology [4]. The simplest way to obtain an
inflationary cosmology is to maintain the Einstein grav-
itational action and to assume the presence of a scalar
field whose potential energy can lead to almost expo-
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nential expansion [5]. However, it was shown that such
a scalar field-driven inflationary universe has an initial
time singularity [6, 7] if the scalar field matter satisfies
the null energy condition It was also shown that an infla-
tionary Universe which is described by the usual spatially
flat Friedmann- Lemaˆıtre - Robertson-Walker (FLRW)
coordinates is past incomplete [8], and hence singularity
freeness cannot be discussed restricting attention to this
coordinate region.
Nonsingular cosmological background space-times
(which might even lead to alternatives to inflation as
a theory of cosmological structure formation, e.g. the
“matter bounce” scenario [9]) have been constructed in
the context of Einstein gravity by invoking matter which
violates the null energy condition. There are models
with a cosmological bounce (see e.g. [10–15] for reviews
on bouncing cosmology ), or “genesis” models such as
Galileon Genesis [16–23] . However, a generic insta-
bility for non-singular bouncing solutions was proven in
Refs. [24, 25] in a class of scalar-tensor theories, the so
called Horndeski theories [26–28] and its multi-field ex-
tensions [29]. Stable non-singular solutions have then
been investigated in the framework of scalar-tensor the-
ory [30] which goes beyond the framework in which the
assumptions of the no-go theorems have been derived,
and it also goes beyond the usual effective field theory
approach to gravity [31–33].
Another way to obtain a non-singular cosmology is to
consider higher curvature corrections [34, 35] as in the
Starobinsky model [4] of inflation. An example of such
a higher derivative gravity model aiming to remove ther
singularity is the infinite derivative gravity model of [36–
38], where the theory includes all powers of derivatives
of the Ricci scalar. In this paper we would like to focus
on another possibility of obtaining a non-singular grav-
itational theory with higher curvature terms which was
proposed by Refs. [39, 40], and called the “limiting curva-
ture construction”. It is a gravitational theory in which
extra terms are added to the Einstein action with the
purpose of limiting certain curvature scalars. The idea of
the construction is to limit one scalar curvature polyno-
mial to finite values by introducing a Lagrange multiplier
scalar field and adjusting its potential. In this way, we
can limit any number of curvature scalars by introducing
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2the corresponding number of Lagrange multiplier scalar
fields. However, the difficulty comes from the fact that
there are an infinite number of curvature polynomials.
Thus even if we ensure that a finite number of curvature
polynomials, e.g. R andRµνR
µν , have finite values, other
curvature polynomials, e.g. RµνρσR
µνρσ, could possibly
diverge. Thus, the choice of which curvature polynomials
to bound is very important.
In the case of homogeneous and isotropic space-times,
then since the Riemann tensor is given by the Hubble
function H and its derivative H˙, the finiteness of the
Riemann tensor is ensured if we control these two quan-
tities. However, this is not sufficient to remove all sin-
gularities. It is possible to have geodesically incomplete
space-times where no curvature invariant blows up. The
idea in [39, 40] was to adjust the Lagrange multiplier
construction such that at high curvature the cosmologi-
cal solutions approached a known non-singular solution,
namely de Sitter. Non-singular cosmological solutions
based on the limiting curvature construction have been
investigated in Refs. [39–41]. The background dynamics
of a contracting Universe was first studied in Refs. [39, 40]
and then that of an expanding Universe corresponding to
inflationary and genesis scenarios was studied in Ref. [41].
It was also shown that cosmological solutions are stable
in a wide region of cosmological history.
If the limiting curvature theories are to give a good
guide to the ultimate quantum theory of gravity, they
should not only work well for cosmological situations,
but also be able to remove other kinds of singularities
appearing in Einstein gravity such as the Schwarzschild
singularity. The first example of a non-singular black
hole space-time was given by Bardeen as a solution of
the Einstein-Maxwell theory (see Ref. [42] for a review
of Bardeen’s model and other non-singular black hole so-
lutions). Motivated by the recent developments in modi-
fied theories of gravity, non-singular spherically symmet-
ric solutions have been investigated also in the context
of modified gravity, for example in F (R) gravity with
an anisotropic fluid [43] and in mimetic gravity [44, 45].
Since the limiting curvature construction prevents the
divergence of curvature invariants, it is natural to ex-
pect that spherically symmetric solutions of these theo-
ries might be non-singular. In fact, a non-singular black
hole solution in the 1+1 dimensional space-time in the
limiting curvature theory was obtained in Ref.[46]. How-
ever, it was never clarified whether in this construction
the Schwarzschild singularity can be removed in 1+3 di-
mensional space-time. The purpose of this paper is to
study whether the 1+3 dimensional Schwarzschild singu-
larity can be removed in a theory with limiting curva-
ture invariants. We will hence investigate static, spher-
ically symmetric solutions with various choices of con-
trolled curvatures and potentials of the scalar Lagrange
multiplier fields.
Our paper is organized as follows. In the next sec-
tion, we will review the limiting curvature construction
of [39, 40] and propose another class of theories where
each component of the Riemann tensor is controlled. In
Section III, we will investigate static, spherically sym-
metric solutions in a theory with bounded Gauss-Bonnet
term, which is a ghost free subclass of the limited curva-
ture theories. We will find that two kinds of singularities
remain, one is the Schwarzschild singularity and the other
is dubbed as a thunderbolt singularity. The appearance
of the Schwarzschild singularity can be understood since
the construction does not bound all curvature polyno-
mials. Next, we investigate a theory in which both the
Ricci scalar and the Gauss-Bonnet term are limited (Sec-
tion IV). However we will find that the Schwarzschild
singularity still cannot be removed. In Section V, we
then investigate a theory in which all Riemann curva-
ture tensor elements are bounded. Then we will suc-
ceed to remove the divergence of the quadratic curvature
scalars. However we will find other kinds of singularities
due to the additional degrees of freedom generated by
higher derivative interactions. The final section contains
a summary of our results and discussions on the difficulty
of obtaining non-singular spherically symmetric solutions
using the limiting curvature construction.
II. GRAVITATIONAL THEORY WITH
LIMITING CURVATURES
Let us review the gravitational theory with limiting
curvature scalars proposed in Refs. [39, 40]. The action
of this theory is given by
S =
M2pl
2
∫
d4x
√−gL (2.1)
with the Lagrangian density
L = R+M2L
(
n∑
i=1
χiIi − V (χi)
)
, (2.2)
where Mpl is the reduced Planck mass, gµν is the space-
time metric, R is the Ricci scalar of the space-time and
Ii are dimensionless scalar curvature polynomials con-
structed from Riemann tensor Rµνρσ and their covariant
derivatives,
Ii = Ii(g
µν ,M−2L R
µ
νρσ,M
−1
L ∇µ). (2.3)
Here, we introduced only a single dimension-full param-
eter ML just for simplicity. Note that it is natural to
expect ML = O(Mpl) if we regard the origin of the modi-
fication terms in the action as a quantum effect of gravity.
This theory includes n dimensionless Lagrange multiplier
scalar fields χi and their potential term V (χi), which play
an important role in limiting the curvature scalars Ii.
From the variations with respect to χi we obtain the
equations,
Ii = V,χi . (2.4)
3If we use a potential whose derivatives are finite for all
field values of χi, only solutions with finite curvature
scalars Ii are consistent with the equations of motion.
Thus we can eliminate any curvature singularity where
one of the curvature scalars Ii diverges. However since
there are an infinite number of curvature scalars con-
structed from Rµνρσ and their derivatives, it is still non-
trivial whether curvature scalars other than Ii are finite
or not. For example, if we consider a theory with n = 1
and I1 = R, then the Schwarzschild singularity would re-
main because the Ricci scalar vanishes for Schwarzschild.
A guideline for the choice of the bounded curvature
scalars Ii was proposed in [39, 40] and called the limit-
ing curvature hypothesis. The idea is to find some in-
variant I which has the property that I = 0 has only a
definite class of non-singular space-times (e.g. de Sitter
space-times) as solutions, and then to choose the poten-
tial for the Lagrange multiplier field associated with I
such that at high curvatures I is driven to zero. More
generally, the idea was to force the solution to approach
a well-defined nonsingular space-time when all curvature
invariants Ii take their limiting values corresponding to
χi → ∞. For example, in the case of homogeneous
and isotropic FLRW space-time, the Riemann tensor is
given by the Hubble function H and its time derivative
H˙. Thus the assumption of the limiting curvature hy-
pothesis is satisfied if we control two curvature scalars
I1|FLRW ∝ H, I2|FLRW ∝ H˙ by a potential that satisfies
V,χ1 → const and V,χ2 → 0. As investigated in Ref. [41],
such curvature scalars are realized in terms of Rµν and
its covariant derivatives. However, this choice of curva-
ture invariants does not work for vacuum solutions like
Schwarzschild because Rµν vanishes in the Schwarzschild
space-time. Thus for our purpose, which is to remove a
curvature singularity in a spherically symmetric space-
time, we need to consider other curvature scalars that
prevent the divergence of RµνρσR
µνρσ. We will inves-
tigate this kind of theories in the sections III and IV.
Note that as soon as we abandon the assumption of ho-
mogeneity and isotropy, the dynamical system becomes
much more complicated since the equations are now true
partial differential equations. Hence, we should expect
that it is more difficult to prevent singularities.
It should be noted that if the equations (2.4) can be
solved for χi,
χi = χi(I1, I2, · · · , In), (2.5)
one can eliminate χi from our action just by plugging
in these solutions. Then we obtain pure metric theory
including higher derivatives;
L = R+M2LF (I1, I2, · · · , In), (2.6)
where F is given as the Legendre transformation of V ;
F (Ij) =
∑
i
χi(Ij)Ii − V (χj(Ik)). (2.7)
Thus the theory with limited curvature can be regarded
as a higher curvature modification of Einstein gravity.
For example, the limiting curvature theory with n = 1
and I1 = R/M
2
L corresponds to F (R) gravity.
Before closing this section, let us suggest a way to limit
the curvature without assuming any particular symmetry
of space-time. This would be complicated to achieve in
the framework of the theory (2.2), but it easily realized
if we consider a slightly modified theory
L = R+ χµνρσRµνρσ −M2LV (gµν , χµνρσ), (2.8)
which can be called a gravitational theory with limited
curvature tensor. Here a tensor field χµνρσ is introduced
instead of scalar fields χi. V (g
µν , χµνρσ) is a scalar func-
tion of χµνρσ, which controls the Riemann tensor. Vari-
ation with respect to χµνρσ gives the equations,
1
M2L
Rµνρσ =
∂V
∂χµνρσ
. . (2.9)
Then we assume
∂V
∂χµνρσ
→ κgµ[ρgσ]ν , (2.10)
with a constant κ at the limiting values χµνρσ → ∞.
Since the right hand side of (2.10) is nothing but the Rie-
mann curvature of the constant curvature space, which
is (Anti) de Sitter space-time for positive (negative) κ
or Minkowski space-time for κ = 0, we know that the
solution will approach a non-singular space-time at lim-
iting values of the Lagrange multiplier fields - a conclu-
sion which holds without assuming any special symmetry.
However, it is not clear that the asymptotic region can
be reached without encountering singularities, singulari-
ties which would be different from curvature singularities.
We will investigate the spherically symmetric solutions of
this kind of theory in Section V.
Let us introduce trace and traceless parts of χµνρσ by,
χµν := χµ
ρ
νρ, χ := χ
µ
µ,
χˆµνρσ := χµνρσ − (gµ[ρχσ]ν − gν[ρχσ]µ) + 1
3
χgµ[ρgσ]ν ,
(2.11)
similar to the definition of the Ricci tensor, the Ricci
scalar and the Weyl tensor. Then by introducing the
traceless part of Rµν and χµν by
Rˆµν := Rµν − 1
4
Rgµν , (2.12)
χˆµν := χµν − 1
4
χgµν , (2.13)
our action can be written in following form:
L =R+ 1
6
χR+ 2χˆµνRˆ
µν + χˆµνρσC
µνρσ
−M2LV (gµν , χ, χˆµν , χˆµνρσ) . (2.14)
4Thus, the variations with respect to χˆµνρσ, χˆµν and χ give
the following equations limiting the curvature tensors,
1
M2L
Cµνρσ =
∂V
∂χˆµνρσ
, (2.15)
1
M2L
Rˆµν =
1
2
∂V
∂χˆµν
, (2.16)
1
M2L
R = 6
∂V
∂χ
. (2.17)
Similar to theories with limited curvature scalars, we
can write this theory in the form of a pure metric theory.
In this case, we obtain so-called F (Riemann) gravity [47];
L = R+ F (gµν , Rµνρσ), (2.18)
where F is a scalar constructed from gµν and the Rie-
mann tensor Rµνρσ, which is related with V via the Leg-
endre transformation,
F (Rµνρσ) = χµνρσ(R)R
µνρσ − V (χµνρσ(R)), (2.19)
where χµνρσ(R) is defined as a solution of (2.9). Note
that the equivalence between (2.8) and (2.18) holds only
when the equation (2.9) can be solved by χµνρσ.
III. SPHERICALLY SYMMETRIC SOLUTION
WITH LIMITING GAUSS-BONNET TERM
A. Ghost Free Higher Derivative Gravity with
Riemann Square Invariants
As we have seen in the previous section, a theory with
limited curvature scalars can be written in the form of
a higher derivative gravitational theory (2.6). In gen-
eral, higher derivative gravity models have pathological
ghost degrees of freedom [35]. The presence of ghosts in
higher derivative theories can be shown exactly in the
case of un-constrained systems. This is known as Ostro-
gradsky’s theorem [48]. However, there is room to con-
struct ghost free higher derivative theory in constrained
or gauge systems as in gravitation. The simplest exam-
ple of a ghost-free theory is F (R) gravity [49, 50]. Then
it was shown that ghost-free higher derivative theories
can be constructed even if the covariant derivative of R
is included [51]. However these theories are not suitable
for the purpose of eliminating the Schwarzschild singu-
larity because they allow us to limit only the the Ricci
scalarR and its derivatives and cannot limitRµνρσR
µνρσ,
which blows up near the Schwarzschild singularity. Thus
we need to consider a higher curvature theory which in-
cludes at least the Riemann square invariant. Note that
a non-singular spherically symmetric solution is obtained
in the framework of F (R) gravity in the presence of an
anisotropic fluid [43]. We will not focus on such a case
simply because the mechanism to avoid the singularity
has nothing to do with our limiting curvature mechanism
as discussed above.
An example of a ghost free higher derivative gravity
with Riemann square term is proposed in the appendix
of Ref. [28]. There, it was shown that F (Gauss-Bonnet)
term is equivalent to a subclass of ghost free scalar-tensor
theories called Horndeski theories [26]. Let us consider
Einstein gravity with a F (Gauss-Bonnet) term,
L = R+M2LF (G/M4L), (3.1)
where the Gauss-Bonnet term G is given by,
G = R2 − 4RµνRµν +RµνρσRµνρσ. (3.2)
By comparing the action (3.1) with (2.6), we conclude
that this is a theory with limiting curvature scalar I1
with n = 1 and I1 = G/M4L. Therefore this theory can be
written in the form of original limiting curvature theories,
L = R+M2L
(
χ
G
M4L
− V (χ)
)
. (3.3)
Now the Gauss-Bonnet term is controlled by the potential
V through the variational equation with respect to χ
G
M4L
= V,χ(χ). (3.4)
Since the Gauss-Bonnet term includes the Riemann
square term which diverges at the Schwarzschild singu-
larity, one may hope that the curvature singularity could
be relaxed by forcing G to be finite.
B. Spherically symmetric, static, asymptotically
flat solutions
Let us consider static spherically symmetric solutions
of this theory (3.3). The dynamical variables are the
metric tensor gµν and a single Lagrange multiplier field
χ. Given the assumption of spherically symmetry, gµν
and χ can be written as
gµνdx
µdxν = −f(r)dt2 + h(r)dr2 + r2dΩ2, (3.5)
χ = χ(r), (3.6)
where dΩ2 is the metric on the sphere,
dΩ2 = ΩIJdx
IdxJ = dθ2 + sin2 θdφ2. (3.7)
Then the Ricci scalar and the Gauss-Bonnet term can be
written as,
R(r) =
1
r2
(
1− 1
h
)
− 2f
′
rfh
+
2h′
rh2
+
f ′2
2f2h
+
f ′h′
2fh2
− f
′′
fh
,
(3.8)
G(r) = 1
r2
√
fh
∂r
[
−4
√
fh
f ′
hf
(
1− 1
h
)]
, (3.9)
where ′ represents the derivative with respect to r. Mak-
ing use of these expression, we can write down the action
5in terms of f, h and χ.Then, taking the variation with
respect to f and h, we obtain the following equations of
motion,
1− 1
h
+
rh′
h2
+ 2
h′
h2
(
1− 3
h
)
χ′
M2L
− 4
h
(
1− 1
h
)
χ′′
M2L
− r
2M2L
2
V = 0, (3.10)
1− 1
h
− rf
′
hf
− 2f
′
fh
(
1− 3
h
)
χ′
M2L
− r
2M2L
2
V = 0. (3.11)
The final equation of motion results from varying with
respect to χ and is given by (3.4), with the Gauss-Bonnet
term given by Eq. (3.9).
In order to limit the Gauss-Bonnet term, we need to
use a potential V whose χ derivative V,χ is finite. As an
example of such a potential, here we shall focus on the
potential
V (χ) =
1
2
χ2 + 2χ3
1 + χ2
. (3.12)
The first derivative of V is given by
V,χ(χ) =
χ(1 + 3χ+ χ3)
2(1 + χ2)2
, (3.13)
which is finite for any χ. Hence, the Gauss-Bonnet term
G is finite through Eq. (3.4).
First, let us focus on the region χ  1. There our
potential (3.12) can be expanded as
V (χ) =
1
2
χ2 +O(χ3). (3.14)
Then the equation of motion (3.4) gives the relation
χ =
G
M4L
+O
(( G
M4L
)2)
. (3.15)
Thus, the condition χ  1 corresponds to G  M4L.
In this region the correction terms compared to Einstein
gravity can be omitted and then the Schwarzschild space-
time is a solution. For the Schwarzschild space-time with
mass M , the Gauss-Bonnet term can be evaluated as
G
M4L
=
48G2M2
M4Lr
6
=
(rL
r
)6
, (3.16)
where rL is given by
rL = 3
1/6
(
4GM
M2L
)1/3
, (3.17)
and G is the gravitational constant given by G−1 =
8piM2pl. Thus the condition χ  1 is equivalent to
rL  r. Here the ratio of rL to the Schwarzschild ra-
dius rg = 2GM is given by
rL
rg
= 1.51 ∗
(
(2GM)−1
ML
)2/3
(3.18)
= 1.38 ∗ 10−25
(
Mpl
ML
)2/3(
M
M
)2/3
, (3.19)
where M is the solar mass. Thus rL  rg for the real-
istic situation, ML ∼ O(Mpl) and M ∼ O(M).
In the region χ  1, the correction from the
Schwarzschild solution can be calculated perturbatively
by assuming a 1r series expansion of f, h and χ. For exam-
ple, the next to leading order correction can be obtained
as
f = 1− 2GM
r
+
512G3M3
M6Lr
9
+O(r−10), (3.20)
h−1 = 1− 2GM
r
+
2304G3M3
M6Lr
9
+O(r−10), (3.21)
χ =
48G2M2
M4Lr
6
+
608256G4M4
M10L r
14
+O(r−15). (3.22)
Since the perturbative approach is only valid for χ 1,
it is difficult to solve the equations of motion beyond
χ ∼ 1 analytically. We will solve them numerically by
using (3.20) - (3.22) as the boundary conditions at some
r  rL.
In order to see the effects of our modification, let us
consider the case with rg ∼ rL, which corresponds to an
asymptotically Schwarzschild solution with a very small
mass. As we will see below, the behavior of the solution
for rg < rL is different from that for rL < rg. Let us
investigate each case separately.
Model1: Numerical solution with rL < rg
First let us focus on the case rL < rg, where higher
derivative corrections become significant inside the event
horizon expected from the asymptotic Schwarzschild
space-time. Concretely we set the parameter as ML =
(GM)−1. For this parameter, rL becomes rL ∼ 0.95rg <
rg. The results of the numerical solution of the equa-
tions of motion with this parameter choice are given by
Fig. 1. In the numerical work, we have used the initial
conditions (3.20) - (3.22) at r = 25rg.
From the plot, we find that the numerical calculation
stops at r ∼ 0.76rg. At this point, f vanishes but h is fi-
nite. This point is the horizon. Its value has been shifted
inwards by the addition of higher curvature terms. More
importantly, it has become a singular surface in space-
time. In order to clarify whether this point is a true
singularity or an artificial singularity like a coordinate
singularity, we plot the behavior of quadratic curvature
scalars in Fig. 2. From Fig. 2, we find that both the
curvature scalar R,RµνR
µν and RµνρσR
µνρσ diverge at
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0.6
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f
h-1χ
FIG. 1. Numerical solutions for Model 1
this point. Thus r ∼ 0.76rg is true curvature singularity.
Note that although each quadratic curvature scalar is in-
finite, the Gauss-Bonnet term, which is the sum of these
curvature scalars, is finite as expected.
0.5 1.0 1.5 2.0 2.5
10-6
10-4
0.01
1
100
104
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R2/ML4|RμνRμν|/ML4|RμνρσRμνρσ|/ML4||/ML4
FIG. 2. Quadratic curvature scalars in Model 1
The reason for the appearance of a singularity can
be understood as follows. In Einstein gravity, the
Schwarzschild solution written in terms of Schwarzschild
coordinates has a coordinate singularity at the event hori-
zon r = rg, where f vanishes and h diverges while main-
taining the constraint fh = 1. The relation fh = 1
ensures that f = 0 is not a physical singularity as can be
seen by using Eddington-Finkelstein coordinates. Then
once we include small correction terms in the gravita-
tional action, the Schwarzschild solution is slightly mod-
ified. The important point is that, as one can see from
Eqs. (3.20) and (3.21), the change in f is generally dif-
ferent from that of h−1, which leads to the breakdown
of the relation fh = 1 near the event horizon. Terms
with fh 6= 1 lead to the event horizon of the original
Schwarzschild space-time becoming a true curvature sin-
gularity as a consequence of the modification of the grav-
itational theory. This is the reason why our solution has
a curvature singularity at a finite value of r. Since a
similar singularity, called “thunderbolt singularity”, was
discussed in the context of the quantum effects in 1+1
dimensional space-time [52] and in Horˇava-Lifshitz grav-
ity [53], we also call the singularity we encounter here as
a thunderbolt singularity.
Model2: Numerical solution with rg < rL
The thunderbolt singularity might not appear when
rg < rL because the effect of correction terms become
significant at radii larger than where the event horizon
of the Einstein action solution would be. Hence, it is
possible that the horizon f = 0 will not be reached (and
hence the singularity associated with this point would not
be present). To check our expectation, let us investigate
the solution with the parameter choice GM = (2ML)
−1,
which corresponds to rL = 1.51rg > rg. The numerical
solution is then given in Fig. 3. Now we can continue
0.0 0.5 1.0 1.5 2.0 2.5
0.0
0.2
0.4
0.6
0.8
1.0
r/rg
f
h-1χ
FIG. 3. Numerical solutions for Model 2
the numerical calculation to r = 0 and both the hori-
zon and the singularity at finite r is successfully removed
as expected. Thus singularity coming from the break-
down of fh = 1 is avoidable at least for asymptotically
Schwarzschild space-time.
Then let us return our first question; Is the singularity
at r = 0 is removed by limiting the Gauss-Bonnet term?
The metric components are regular in the limit r = 0, i.e.
f and h are finite in this limit. However as one can see
from Fig.4, the individual quadratic curvature invariants
which enter the Gauss-Bonnet term are infinite while the
Gauss-Bonnet term itself remains bounded. Thus the
0.0 0.5 1.0 1.5 2.0 2.5 3.0
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104
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FIG. 4. Quadratic curvature scalars in Model 2
7original Schwarzschild singularity at r = 0 still exists.
In fact, it has become a naked singularity since it is no
longer shielded by a horizon. The fact that the singular-
ity at r = 0 is not removed should not be too surprising
because the requirement that G is finite is not sufficient
to remove the divergence of other curvature scalars like
R,RµνR
µν .
To summarize this section, we found that in a the-
ory with bounded Gauss-Bonnet term there are two
kinds of singularities which arise for spherically symmet-
ric configurations, the thunderbolt singularity and the
Schwarzschild singularity. The latter one could be re-
moved by limiting other curvature scalars in addition to
the Gauss-Bonnet term. However, we would have to go
beyond the framework of known ghost-free higher deriva-
tive gravity models. Thus, to remove singularities with
the limiting curvature mechanism would not be compati-
ble with ghost-free requirement. In the following sections,
we will discuss the singularity avoidance in wider class of
theories setting aside the issue of ghosts.
IV. LIMITING BOTH RICCI SCALAR AND
GAUSS-BONNET TERM
A. How to ensure the finiteness of quadratic
curvature invariants
In the previous section, it was clarified that limiting
only the Gauss-Bonnet term is not sufficient to remove
the singularity at r = 0. Then, what is the condition
to ensure finiteness of all quadratic curvature scalars at
r = 0? Assuming the metric components are regular at
r = 0, they can be expanded in a Taylor series,
f = f0 + f1r + f2r
2 + · · · , (4.1)
h−1 = h0 + h1r + h2r2 + · · · . (4.2)
By plugging these expressions into Eq. (3.9), the Gauss-
Bonnet term is given by
G(r) =G0(f0, f1, f2, h0, h1)
r2
+
G1(f0, f1, f2, h0, h1, h2)
r
+O(r0), (4.3)
where the expressions for G0 and G1 are
G0 =4f1h1
f0
+ (h0 − 1)−2f
2
1h0 + 8f0f2h0 + 6f0f1h1
f20
,
(4.4)
G1 =− 2f1
f0
G0 + 2h1(f
2
1 + 8f0f2 + 3f0f1h1) + 8f0f1h2
f20
+ (h0 − 1)2f
2
1h1 + 4f0(6f3h0 + 7f2h1 + 3f1h2)
f20
.
(4.5)
The requirement that G is finite at r = 0 gives only two
conditions for fm and hm, namely G0 = 0 and G1 = 0, and
these conditions are not sufficient to ensure that other
curvature scalars are finite at r = 0 . For example, The
conditions G0 = 0 and G1 = 0 can be satisfied by appro-
priately choosing f0 and f1. However, since the leading
divergent term in the Ricci scalar, which is proportional
to r−2, comes from the first term in (3.8), it diverge un-
less h0 = 1. This is the reason why the divergence at
r = 0 appears in the framework of a F (G) theory.
Then let us now impose finiteness of R in addition to
that of G. We can expand the Ricci scalar explicitly as
R(r) = −2(1− h0)
r2
− 2(f1h0 + 2f0h1)
f0r
+O(r0). (4.6)
From the finiteness of R at r = 0 we obtain
h0 = 1, h1 = − f1
2f0
. (4.7)
Then, plugging these expression into Eq. (4.4), we get
G0 = −2f
2
1
f20
= 0. (4.8)
Thus we find f1 = 0. Moreover, from the expression
(4.5), we can confirm that G1 also vanishes when the
condition f1 = 0, as well as (4.7), are satisfied. Without
loss of generality, we can set f0 = 1 by rescaling the time
coordinate. Now the metric components are given by
f = 1 + f2r
2 +O(r3), (4.9)
h−1 = 1 + h2r2 +O(r3). (4.10)
All scalar curvatures up to quadratic order are finite at
r = 0,
R = −6(f2 + h2) +O(r), (4.11)
RˆµνRˆ
µν = 3(f2 − h2)2 +O(r), (4.12)
G = 24f2h2 +O(r), (4.13)
where Rˆµν is the trace-free part of the Ricci tensor de-
fined by Eq. (2.12). To summarize, if we impose the
finiteness of R and G, finiteness of all quadratic scalar
curvatures at r = 0 is ensured as long as the metric is
regular at this point.
B. Spherically symmetric solutions with limiting R
and G
Model 3
In order to control both curvature scalars G and R, we
have to include R as well as G in the argument of the
arbitrary function F . This is called an F (R,G) theory,
L = R+M2LF
(
R
M2L
,
G
M4L
)
. (4.14)
8In Ref. [41], it was shown that non-singular cosmological
solutions can be obtained in this framework. However
F (R,G) theory generally includes ghost degrees of free-
dom as can be explicitly seen by studying perturbations
around Bianchi type I universes [54]. Here we pass over
the ghost problem and focus only on the singularity prob-
lem. By comparing with (2.8), the theory (4.14) can be
regarded as a limiting curvature theory with n = 2 and
I1 = R/M
2
L, I2 = G/M4L. Thus it can be written as
L = R+M2L
(
χ1
R
M2L
+ χ2
G
M4L
− V (χ1, χ2)
)
. (4.15)
For simplicity we focus only on the case of V = V1(χ1) +
V2(χ2). Variation with respect to χ1 and χ2 gives follow-
ing equations to control R and G,
R
M2L
= V ′1(χ1),
G
M4L
= V ′2(χ2). (4.16)
Thus if we use potentials whose derivatives are finite for
any value of χ1 and χ2, the theory only has solutions
with finite values of R and G.
Since we have not solved the problem which arises at
a horizon if the condition fh = 1 is violated, the thun-
derbolt singularity could still exist. First, however, we
shall focus only on the inside of the expected event hori-
zon in order to see whether our mechanism to remove
the Schwarzschild singularity works well or not. Thus we
start the numerical calculations with the Schwarzschild
boundary conditions at some value r < rg. We use the
potentials
Vi(χi) = χi arctan(χi)− 1
2
log(1 + χ2i ), (4.17)
where
Vi
′ = arctan(χi). (4.18)
Thus V ′ is finite for any values of the χi fields. Then
the analysis in the previous subsection implies that if
χi± → ∞ at r → 0 and if f and h−1 are regular there,
the Schwarzschild singularity is removed. However, it is
non-trivial to show that this limit will be reached. Other
singularities could appear for finite values of the χ fields.
In a similar way to what was done in subsection III B,
we can derive the equations of motion by plugging the
spherically symmetric ansatz for f, h, χ1 and χ2 into the
action (4.15) and taking the variations with respect to
each variable. Then the asymptotic Schwarzschild solu-
tion with mass M is given by Eqs. (3.20), (3.21), (3.22)
for χ2 and we find
χ1 =
2304G4M4
M8Lr
12
+O
(
1
r13
)
. (4.19)
By using these solutions as our boundary conditions, we
can numerically solve the equations of motion, work-
ing from outside in (i.e. evolving the equations towards
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FIG. 5. Numerical solutions for Model 3
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FIG. 6. Quadratic curvature scalars in Model 3
smaller values of r). Fig. 5 shows the numerical solutions
for the parameter choiceGM = 10M−1L and starting with
Schwarzschild boundary conditions at r = 0.95rg. For
this parameter choice, rL is given as rL = 0.21rg. One
can see that h−1 diverges in the limit r → 0. Thus, one
of the assumptions made in section IV A, which is that
the metric components are regular at r = 0, is not sat-
isfied. Therefore, the question of whether the quadratic
curvature scalars remain finite is still nontrivial in this
setting. However, from the numerical results we can
compute these scalars. Fig.6 presents the results for the
quadratic curvature scalars: We found that RµνR
µν di-
verges at r = 0. Therefore r = 0 is still a singularity and
we conclude that the Schwarzschild singularity cannot be
removed even if we bound R in addition to G.
V. GRAVITATIONAL THEORY WITH
LIMITING RIEMANN TENSOR
A. How to obtain fh = 1
We have seen that there are two kinds of singularities
which come, respectively, from the lack of limiting cur-
vature on one hand, and the violation of the condition
fh = 1 on the other (recall that the latter condition was
crucial is showing that the horizon remains non-singular).
In order to remove both singularities, we focus on theo-
9ries that satisfy the following two conditions:
• The theory has a sufficient number of bounded
curvature invariants to ensure the finiteness of all
scalar curvatures up to quadratic order, namely
R,RµνR
µν , RµνρσR
µνρσ at r = 0 in order to re-
move the Schwarzschild singularity.
• The theory admits only solutions which satisfy
fh = 1. In this way, there is a chance to avoid
the thunderbolt singularity.
The first requirement would be satisfied if we control all
components of the Riemann tensor. This is realized if we
consider the theory with limited Riemann tensor given
by (2.8).
Then let us investigate how the second condition can
be realized in a theory with limited Riemann tensor. We
use the following spherically symmetric ansatz for χµνρσ,
χabcd = A(r)f(r)h(r)δa[cδd]b, (5.1a)
χtItJ = Btt(r)f(r)r
2ΩIJ , (5.1b)
χrIrJ = Brr(r)h(r)r
2ΩIJ , (5.1c)
χIJKL = C(r)r
4ΩI[KΩL]J , (5.1d)
which is compatible with the form of the Riemann ten-
sor derived from our spherically symmetric metric (3.5).
Here the indices I and J run over θ and φ, and the indices
a, b, c, d run over t and r. For later convenience we in-
troduce the following variables instead of A,Btt, Brr and
C
χ = −A− 4(Btt −Brr) + C, (5.2)
ξ = A− 2(Btt −Brr)− C, (5.3)
ζ = A+ C, (5.4)
B =
1
2
(Btt +Brr), (5.5)
where χ is the trace of χµνρσ as defined by (2.11). Now
the components of χˆµνρσ are functions of ξ, and the com-
ponents of χˆµν are functions of ζ and B.
The equations of motion can be derived by plugging
the spherically symmetric ansatz (3.5) and (5.1) into our
action (2.8) and varying it with respect to f, h, χ, ξ, ζ and
B. Since we defined A,Btt, Brr and C so that the scalar
quantities constructed from χµνρσ are independent of f
and h, the potential V can be written as a function of
A,Btt, Brr and C, or as a function of χ, ξ, ζ and B. An
important equation comes from the B variation,
2
M2pl
√−g
(
δS
δB
)
=
4
rh
(log(fh))
′ − VB = 0. (5.6)
Then, if V does not depends on B, i.e. V is a function
like
V = V (χ, ξ, ζ), (5.7)
the solution of the equations of motion automatically sat-
isfies
fh = 1. (5.8)
Here we fixed the ambiguity of the integration constant
by redefining the time coordinate t. Thus, both chal-
lenges of preventing the divergence of quadratic curva-
ture scalars at r = 0, and of removing the thunderbolt
singularity which arises when fh 6= 1, are avoidable in
the theory with limited Riemann tensor (2.8) with the
potential (5.7). However, this does not guarantee that
no other singularities emerge. To study this question we
have to study the equations of motion in more detail.
B. Asymptotically Schwarzschild solution
Let us solve the equations of motion in the asymptotic
region r → ∞. The remaining equations of motion are
given by
A′′ +A′
(
4
r
+
f ′
2f
)
+
f ′(A− 2Brr − 2Btt − 1)
fr
− 4B
′
tt
r
+
2A− 4Btt + (C + 1)(f−1 − 1)
r2
− 1
2f
M2LV = 0,
(5.9)
A′
2
ff ′ +
A− 2Brr − 2Btt − 1
r
ff ′ − 4f
2B′rr
r
+
(−4f2Brr + C (1 + f2)+ f(1− f))
r2
− f
2
M2LV = 0,
(5.10)
2(1− f)− 4rf ′ − r2f ′′
6r2
−M2LVχ
=
1
6
R−M2LV,χ = 0, (5.11)
−2(1− f)− 2rf ′ + r2f ′′
3r2
−M2LV,ξ
= 2Ctrtr −M2LV,ξ = 0, (5.12)
2(1− f) + r2f ′′
r2
−M2LV,ζ
= −4Rˆtt −M2LV,ζ = 0, (5.13)
where A,Btt, Brr and C in Eqs. (5.9) and (5.10) are
regarded as functions of χ, ξ, ζ and B is defined through
(5.2) - (5.5).
For simplicity, let us focus on the following form of the
potential,
V (χ, ξ, ζ) = V1(χ) + V2(ξ) + V3(ζ). (5.14)
Then, from the expressions (5.11) - (5.13), one can see
that the fields χ, ξ and ζ control R,Ctrtr and Rˆtt, respec-
tively.
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Assuming that the potentials have the following form
for χ, ξ, ζ  1,
V1(χ) =
1
2
χ2 + a4χ
4 + · · · , (5.15)
V2(ξ) =
1
2
ξ2 + b4ξ
4 + · · · , (5.16)
V3(ζ) =
1
2
ζ2 + c4ζ
4 · · · , (5.17)
the asymptotic Schwarzschild solution can be obtained
perturbatively as
f = 1− 2GM
r
+
896b4G3M3
285M4Lr
7
+ · · · , (5.18)
χ =
896b4G
3M3
57M6Lr
9
+ · · · , (5.19)
ξ = − 4GM
M2Lr
3
+
17152b4G
3M3
95M6Lr
9
+ · · · , (5.20)
ζ = −8064b4G
3M3
95M6Lr
9
+ · · · , (5.21)
B =
B1
r
1
1− 2GMr
+
224b4G
3M3
285M4Lr
7
· · · , (5.22)
where GM and B1 are arbitrary constants.
C. Reduction to first order differential equations
In order to solve the equations of motion numerically,
let us reduce them to first order form. We can do this
making use of the Hamiltonian formalism. Our equa-
tions of motion can be derived from the Lagrangian
L = 2L/M2pl sin θ which is given by
L =
1
6
e−∆r2f ′(χ′ − 2ξ′ − 3ζ ′)
− 1
3
e−∆rf ′(6 + χ+ 4ξ + 3ζ)
+
2
3
e−∆rf∆′(6 + χ+ ξ + 12B)
− 1
3
e−∆f(6 + χ− 2ξ + 3ζ)
+
1
3
e∆
(
6 + χ− 2ξ + 3ζ − 3M2Lr2V (χ, ξ, ζ)
)
,
(5.23)
where we introduced ∆ as
∆ =
1
2
log(fh). (5.24)
We regard ∆ as one of the independent variables in-
stead of h and now we have 6 dynamical variables qI =
{f,∆, χ, ξ, ζ, B}.
Let us consider the Hamiltonian (regarding r as a
time coordinate). By defining conjugate momenta pI =
∂L/∂qI ′ as usual, we obtain the following two relations
between the momenta and the first derivatives of the vari-
ables,
pf = −1
3
e−∆r (6 + χ+ 4ξ + 3ζ)
− 1
6
e−∆r2 (−χ′ + 2ξ′ + 3ζ ′) (5.25)
pχ =
r2
6
e−∆f ′ . (5.26)
We also obtain four primary constraints,
C∆ = p∆ − 2
3
e−∆fr (6 + χ+ ξ + 12B) ≈ 0, (5.27)
Cξ = pξ + 2pχ ≈ 0, (5.28)
Cζ = pζ + 3pχ ≈ 0, (5.29)
CB = pB ≈ 0. (5.30)
Thus, the total Hamiltonian of this system is given by
H =
∑
I
pIq
I ′ − L+
∑
J={∆,ξ,ζ,B}
λJCJ (5.31)
=
1
3
e∆
(
−6− χ+ 2ξ − 3ζ + 18pfpχ
r2
)
+
1
3
e−∆f(6 + χ− 2ξ + 3ζ)
+
2pχ(6 + χ+ 4ξ + 3ζ)
r
+ e∆M2Lr
2V (χ, ξ, ζ) +
∑
J={∆,ξ,ζ,B}
λJCJ , (5.32)
where λJ are Lagrange multipliers with respect to the
primary constraints CJ .
Now the equations of motions of this system are given
by the Hamilton equations
qI ′ = {qI , H}, pI ′ = {qI , H}, (5.33)
where the Poisson bracket is defined by
{F,G} =
∑
I
∂F
∂qI
∂G
∂pI
− ∂F
∂pI
∂G
∂qI
. (5.34)
Then the r derivative of a function of qI and pI can be
written in terms of Poisson brackets as
d
dr
F (r, qI , pI) = ∂rF + {F,H}. (5.35)
Since there are primary constraints (5.27) - (5.30) in this
system, the variables qI and pI are not all independent.
Next we have to check the consistency of the con-
straints with the Hamilton equations. The r derivatives
of C∆ and CB can be calculated as
C∆
′ =
∂C∆
∂r
+ {C∆, H}
= −8e−∆fr(λB − λˆB(qI , pI , λξ, λζ)), (5.36)
CB
′ =
∂CB
∂r
+ {CB , H} = 8e−∆frλ∆, (5.37)
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where λˆB is given by
λˆB =− 1
4
(
λζ + λξ +
30 + 20ξ + 5χ+ 9ζ + 24B
6r
)
− e
∆
2fr2
(fpf + (6 + 12B + ξ + χ)pχ)
+
e2∆
fr3
(−18pfpχ + r2(6 + 3ζ − 2ξ + χ)− 3M2Lr4V ) .
(5.38)
Thus the consistency equations for C∆ and CB fix two
Lagrange multipliers to be
λ∆ = 0, λB = λˆB , (5.39)
unless f = 0. Since the consistency equations for Cξ
and Cζ do not include multiplier fields, they give two
secondary constraints,
C ′ξ ≈ 0
⇔ C(2)ξ = pχ +
1
12
e∆M2Lr
3 (2V ′1 + V
′
2) ≈ 0, (5.40)
C ′ζ ≈ 0
⇔ C(2)ζ = f +
1
2
e2∆
(−2 +M2Lr2 (V ′1 − V ′2 + V ′3)) ≈ 0.
(5.41)
Note that V ′1 represents V1,χ and not the r derivative of
V1. The consistency equations for these secondary con-
straints are given as(
C
(2)
ξ
′
C
(2)
ζ
′
)
≈ e∆M2Lr2
(
M
(
λξ
λζ
)
−
(
Fξ(q
I , pI)
Fζ(q
I , pI)
))
≈ 0,
(5.42)
where the functions Fξ and Fζ are given by
Fξ =
3V ′2 + 2V
′
3 + 4(6 + χ+ 4ξ + 3ζ + 3r
−1e∆pf )V ′′1
r
(5.43)
Fζ =
4V ′3 + 6(6 + χ+ 4ξ + 3ζ + 3r
−1e∆pf )V ′′1
r
(5.44)
and the matrix M is given by
M =
(−4V ′′1 − V ′′2 −6V ′′1
−6V ′′1 −9V ′′1 − V ′′3
)
. (5.45)
Thus, if the matrix M has an inverse, namely if its de-
terminant is not zero,
detM = 9V ′′1 V
′′
2 + V
′′
2 V
′′
3 + 4V
′′
3 V
′′
1 6= 0, (5.46)
then Eqs. (5.42) can determine the remaining multipliers
as (
λξ
λζ
)
=M−1
(
Fξ
Fζ
)
, (5.47)
and no more constraints appear.
Now we have 6 constraints C∆, Cξ, Cζ , CB , C
(2)
ξ and
C
(2)
ζ which can be solved for p∆, pξ, pζ , pB , pχ and f .
Thus a complete set of equations of motion can be derived
from the Hamilton equations for the remaining variables,
∆, pf , χ, ξ, ζ and B, which now reduce to
∆′ = 0, (5.48)
pf
′ = −1
3
e−∆(6 + χ− 2ξ + 3ζ), (5.49)
χ′ =
6e∆pf
r2
+
2(6 + χ+ 4ξ + 3ζ)
r
+ 2λξ + 3λζ , (5.50)
ξ′ = λξ, (5.51)
ζ ′ = λζ , (5.52)
B′ = λB , (5.53)
where the Lagrange multipliers are determined from
(5.39) and (5.47). Since ∆ can be solved easily as ∆ = 0,
i.e. fh = 1, we will solve the remaining 5 equations
numerically. Note that we have assumed f 6= 0 and
detM 6= 0 when solving the equations (5.36),(5.37) and
(5.42). If either of these conditions is violated, the struc-
ture of the differential equations becomes singular in the
sense that the number of independent initial conditions
are changed. We can see this singularity as a divergence
of the Lagrange multiplier λI in the limits f → 0 or
detM→ 0.
D. Numerical Calculation
Model 4
Now we are ready to study numerical solutions for
given parameters and potentials. Let us consider the
potentials,
Vi(x) =
1
2
x2
1 + x2
. (5.54)
Since the derivatives of Vi,
V ′i (x) =
x
(1 + x2)2
, (5.55)
are finite for any x, solutions of the equations in this
model have finite values of R, Rˆtt and Ctrtr. Since V
′
i → 0
in the limit where χ, ξ and ζ go infinity, solutions become
non-singular Minkowski space-time in this limit.
The numerical solution for the parameter choice
GM = M−1L (corresponding to rL = 0.95rg) and for
Schwarzschild boundary conditions with B1 = 0 at r =
25rg is shown in Fig. 7. Even though all fields have fi-
nite values, a singularity appears at r ∼ 0.90rg. There
the curvature scalars R, RˆµνRˆ
µν and CµνρσC
µνρσ are fi-
nite as shown in fig. 8. Then what is the origin of this
singularity?
12
0.5 1.0 1.5 2.0 2.5 3.0
-0.5
0.0
0.5
1.0
1.5
2.0
r/rg
fχξζ
B
FIG. 7. Numerical solutions of Model 4
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FIG. 8. Quadratic curvature scalars in Model 4
The reason why we cannot extend our solution be-
yond r ∼ 0.90rg is because of the divergence of χ′, ξ′, ζ ′,
and B′. Through the Hamilton equations, divergences of
these quantities come from the divergences of Lagrange
multipliers. As mentioned, the Lagrange multipliers pos-
sibly become infinite when f = 0 or detM = 0. Since
f 6= 0 at the singularity, we conclude that the singularity
must be due to detM vanishing at r ∼ 0.90rg. This is
confirmed by the numerical plot of detM given by Fig.9.
Thus in this case, even though we can bound all quadratic
0.5 1.0 1.5 2.0 2.5 3.0
0
5
10
15
r/rg
det M
FIG. 9. Plot of det M in Model 4
curvature scalars, a singularity still appears because of
the singular structure of the differential equationsin the
limits f → 0 or detM → 0. Roughly speaking χ, ξ and
ζ represent curvature components through the equation
(5.11)- (5.13). Thus the divergence of their derivative
corresponds to that of curvatures (not of the curvature
scalar, but to a derivative thereof).
Note that the asymptotic Schwarzschild solution (5.18)
- (5.22) is not a stable asymptote of the modified equa-
tions of motion. We can see this from fig.10 where
it is shown that if we integrate the equations in out-
ward direction (towards larger values of r), starting with
Schwarzschild data at some finite r, that the solution
then runs away from the Schwarzschild solution. Thus
0 50 100 150
0.0
0.5
1.0
1.5
r/rg
f
1- rg
r
FIG. 10. Numerical instability of the asymptotic
Schwarzschild solution
our numerical solutions are not realistic even if there is
no singularity since they do not asymptote at large values
of r to an asymptotically Minkowski space-time. In the
current study, we pass over this stability problem as well
as the ghost problem and focus only on the singularity
problem.
The problems which we have encountered in this model
may not be general problems for this class of theories.
Hence, it is useful to study another model, a model in
which the source of the singularity in the previous model
is cured.
Model 5
We will now numerically study solutions obtained for
another potential. Since the singularity for Model 4
comes from a point in phase space where detM = 0,
it could be removed by considering a potential which en-
forces detM 6= 0.
Let us consider the following potentials,
Vi(x) = x arctan(x)− 1
2
log(1 + x2). (5.56)
Since V ′′i (x) = (1 + x
2)−1 is positive for any finite x,
detM is also positive.
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Here we make the parameter choice GM = 20M−1L ,
which corresponds to rL = 0.13rg. Fig.11 presents
the numerical solution for Schwarzschild boundary con-
ditions at r = 1.25rg. Now singularities appear at
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FIG. 11. Numerical solutions for Model 5
r = 0.99rg and r = 2.83rg where f = 0. Since the
relation fh = 1 is satisfied by construction, f = 0 does
not correspond to a divergence of quadratic curvature
scalars.
Nevertheless, f = 0 is still singular because it leads to
a singular structure of the differential equations as what
happens in the case detM = 0. One can see this from
Fig.12, where it is shown that λB diverges at the points
where f = 0.
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FIG. 12. Lagrange multipliers in Model 5
Model 6
In the exact Schwarzschild space-time, f vanishes at
the event horizon r = rg. Thus in order to avoid the
appearance of f = 0, we need to have rg < rL like in
Model 2 discussed in section III B, though the required
parameter choice is not natural for realistic situations.
Let us investigate again a solution with the poten-
tial (5.56). This time, let us make the parameter choice
GM = ML−1, which corresponds to rL = 0.95rg. The
results of the numerical solution with the Schwarzschild
boundary conditions at r = 25rg and with B1 = 0 are
shown in Figs.13 and 14. Here f has finite values in the
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FIG. 13. Numerical solutions in Model 6
entire region but there is singularity at r = 0.47rg, where
ξ, ζ and B diverge.
We used the potential (5.56) so that det 6= 0 for finite
values of the arguments, but detM can vanish if the ar-
guments (χ, ξ and ζ) diverge. Actually, detM vanishes
and λ diverges at the point r = 0.47rg (See Figs. 15 and
16).
One may think that the positivity of detM would be
ensured if we use a potential like V ′′(x) > K with a
positive constant K. However such a potential cannot
ensure the an overall upper bound on the curvature in-
variants because V ′(x) is unbounded because V ′(x) >
V ′(x0) +K(x− x0)→∞ in the limit x→∞. Thus, we
see that limiting curvature invariants by our construction
is not consistent with avoiding the singular structure of
the differential equations.
Note that since the metric component f is well be-
haved at the singularity, the quadratic curvature scalars
are finite. This is shown in Fig.17.
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FIG. 14. Divergence of fields in Model 6
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FIG. 15. Lagrange multipliers in Model 6
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VI. SUMMARY AND DISCUSSION
In this paper, we have discussed whether the
Schwarzschild singularity can be resolved in a theory with
limited curvature invariants, a theory in which cosmolog-
ical singularities do not occur. In Section II, after review-
ing the theory with bounded curvature scalars given by
Eq. (2.2), the theory proposed in Refs. [39, 40] which is
able to produce non-singular cosmologies, we proposed
a new theory in which all components of the curvature
tensor are bounded by construction. The Lagrangian of
this theory is given by Eq. (2.8). We also discussed the
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FIG. 17. Quadratic curvature scalars in Model 6
equivalence of these theories, (2.2) and (2.8), with higher
curvature metric theories, (2.6) and (2.18) respectively.
In Section III, we investigated static, spherically sym-
metric solutions of the new equations which reduce to
Schwarzschild space-time at r → ∞. First, we consid-
ered Einstein gravity with bounded Gauss-Bonnet term
given by (3.3), which is a ghost free subclass of limited
curvature theories (2.2). We have given two numeri-
cal solutions (Models 1 and 2) for different parameter
choices, and found that there still exist singularities, in
fact singularities of two kinds. One is the thunderbolt
singularity found in Model 1 where the event horizon
of the original Schwarzschild space-time becomes a cur-
vature singularity. Some quadratic curvature invariants
such as RµνR
µν diverge while the Gauss-Bonnet term
is finite since it is explicitly constrained by the con-
struction. This singularity comes from the breakdown
of the relation fh = 1, which holds in Einstein grav-
ity. The other singularity found in Model 2 is noth-
ing but the original Schwarzschild singularity. The pres-
ence of the Schwarzschild singularity implies that limiting
only the Gauss-Bonnet term is insufficient to remove the
Schwarzschild singularity.
Next, we investigated a theory in which both the Ricci
scalar and the Gauss-Bonnet term are bounded by con-
struction, a theory given by (4.15) (Section IV). How-
ever, the numerical solution of the equations of motion
discussed in Section IV B (Model 3) shows that even in
this framework the Schwarzschild singularity cannot be
removed.
Finally, we investigated a more general theory (2.8) in
which all of the Riemann tensor elements are bounded
explicitly (Section V). In Section V A, we found that the
relation fh = 1 is automatically satisfied if we use the
class of potentials given by Eq. (5.7). We derived the
first order form of the equations of motion making use
of the Hamiltonian formalism (Section V C) and found
that the structure of the differential equations (e.g. the
number of independent variables) is changed when either
of the conditions f 6= 0 or detM 6= 0 is violated. We con-
sidered three types of specific models (Models 4, 5 and
6) (Section V D). All models yield some type of singular-
ity. Model 4 leads to a singularity where detM vanishes.
Though all quadratic curvature invariants are finite at
this singularity, as expected from the construction, the
additional degrees of freedom due to higher derivative in-
teractions become strongly coupled at the singular point.
In the case of the Models 5 and 6, we used a potential
where detM > 0 for finite fields values. However, singu-
larities remain in both models, again due to the singular
structure of the differential equations. In Model 5, such
a singularityappears when f = 0, and in Model 6 it arises
because detM approaches 0 when the fields ξ, ζ and B
diverge. Thus the singularity at finite r still remains
even though the quadratic curvature invariants are finite
at the singular point.
To summarize, we numerically studied the equations of
motion for a spherically symmetric ansatz for the fields
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in various theories in which the curvature is bounded by
construction. But in all cases, the solutions have singu-
larities of various types. The results are summarized in
Table I.
Models Theory Position of Singularity Quadratic Curvatures Origin of Singularity
Model 1 (Sec. III B) F (G) f = 0 R,RµνRµν →∞ fh 6= 1
Model 2 (Sec. III B) F (G) r = 0 R,RµνRµν →∞ lack of limited curvatures
Model 3 (Sec. IV B) F (R,G) r = 0 RµνRµν →∞ lack of limited curvatures
Model 4 (Sec. V D) F (Rµνρσ) det M = 0 finite singular structure of differential equations
Model 5 (Sec. V D) F (Rµνρσ) f = 0 finite singular structure of differential equations
Model 6 (Sec. V D) F (Rµνρσ) ξ, ζ, B →∞(det M → 0) finite singular structure of differential equations
TABLE I. Summary of Numerical Solutions
We would like to emphasize that our analysis in Sec-
tion V gives a concrete counter-example to the strong
form of the “limiting curvature hypothesis” according to
which general singularities could be avoided by using a
Lagrangian in which the curvature is explicitly bounded
by construction. Thus, the limiting curvature hypothesis
does not resolve general singularities, and another princi-
ple is required if we want to construct an effective theory
of gravity in which no singularities arise.
In the models in Section V, the origin of the singular-
ity was the dynamics of additional degrees of freedom.
Since limiting curvature theories are essentially higher
derivative theories as shown in Section II, it is difficult
to sufficiently well constrain the dynamics of such addi-
tional degrees of freedom. One possible avenue would
be making use of the Palatini or metric affine formal-
ism [55], where the connection which determines the cur-
vature tensor is independent of the metric tensor. This is
a promising avenue because higher curvature gravity in
the Palatini formalism does not include additional ghost
degrees of freedom [56].
It is fair to say that our models are toy models and
there would be many problems even if the Schwarzschild
singularity could have been removed. For example, we
have not addressed the problem of ghosts, and the nu-
merical stability of the equations (the question of whether
asymptotically flat solutions are stable in the large r
limit. The models in Sections IV and V in general have
ghost degrees of freedom. One way to justify such a
higher derivative gravity model would be to regard the
theory as a low energy effective theory after some heavy
fields have been integrated out. Naively speaking, since
ghost modes appear because of higher derivative interac-
tions which are suppressed by ML, the mass of the ghost
modes should be of the order of ML. Then we need to
regard our theory as an effective field theory valid at ener-
gies E ML. Since the curvature scale can be controlled
by hand in our framework, a self-consistent procedure
would to bound the curvatures to values corresponding
to an energy scale smaller than ML by choosing a suit-
able potential. In this way, the extra terms in our grav-
itational action would be within the energy range of the
effective field theory, while the ghost degrees of freedom
would not.
Though our analysis is not a “no-go” result for non-
singular black hole solutions in an approach in which the
curvature is bounded by construction, we conclude that
the singularities cannot be removed generally if only the
curvature is limited to finite values.
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